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STEKLOV INEQUALITY AND ITS APPLICATION

SH.M. NASIBOV!

ABSTRACT. In this paper, one lower estimate for the first eigenvalue of the Laplace operator is
obtained. To this end, a Steklov-type inequality for bounded and unbounded domains with a
finite measure in proved based on the Sobolev inequality.
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1. INTRODUCTION

The issue of calculation of the lower estimate for the first eigenvalue of the Laplace operator
is important. This problem was studied by different authors. Finding the best estimate for the
first eigenvalue of the Laplace operator is studied in scientific literature. The proof of a Steklov-
type inequality for bounded and unbounded domains with a finite measure is also important
since the Steklov inequality is widely used in various sections of mathematical physics. Finding
a lower estimate for the first eigenvalue of the Laplace operator is relevant, since this question
arises in applied problems. In this note, an attempt is made to find a lower estimate for the first
eigenvalue of the Laplace operator. For this purpose, Steklov-type inequality in bounded and
unbounded domains with a finite measure is proved on the basis of the Sobolev inequality by
passing to the limit. The study of the relationship between the Steklov and Sobolev inequalities
is relevant and of scientific interest. In this paper, the Steklov inequality is applied to calculation
of the lower estimate for the first eigenvalue of the Laplace operator.

2. DENOTATION AND FORMULATION OF BASIC RESULTS

Let Q C R"™ be the a bounded or unbounded domain with a finite measure |§2|. For convenience
1/p
of the further statement we accept the following notations |[ull, = { [ u ()P dw} , p>1is
Q

a norm in L, (§2); the index p in [|.[|, will be omitted for p = 2, i.e. we will write [|-|.
Let || is be a bounded domain with a rather smooth boundary. For the Laplace operator
A, we consider the following spectral problem:

Au+Au =0, in Q, A > 0, (1)
u=0 on 9.
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As it is known (see for instance [1, p. 434]), problem (1) has a nontrivial solution both in
classical and in the generalized sense only for discrete set of positive values {\x} of the parameter
A such that of A <Ay < A3 < ... <A A > o0as k — oo.

The following theorems are valid.

Theorem 2.1. Let A1 be the first eigenvalue of problem (1). Then the following lower bound is
valid for it:

71
>
)\1 = ‘9’2/,”7 (2)

where y1 = T5*.

Theorem 2.2. Let A in problem (1) satisfy the condition

B4t
A< —, 3
Qfr 3)

where A1 was determined in (2). Then spectral problem (1) has no trivial solutions, i.e. eigen-
0

functions in the class Wy ().
Theorem 2.1 follows from the following conjectures.

Conjecture 2.1. Let Q be a bounded or unbounded domain with a finite measure |2|. Then,
0

for any function from the class W () the following inequality is valid:

[ull < wi [V, (4)

2 2
where wy = (/= [Q~ .

0
Conjecture 2.2. Let \; be the first eigenvalue of problem (1). Then, for Yu(zx) € Wi the
following exact inequality is valid:

[ull < w2 [[Vul[, ()

where wy = \/%\—1 These inequality was first proved by Steklov in 1896 [2], see also [3. p.33].

Now theorem 2.1 follows from conjecture 2.1 by virtue of conjecture 2.2.
In [4], the following estimate is proved for the first eigenvalue of problem (1) for n = 2:

AL > T (6)

In the paper [5], for special domains (“plane-covering domain”) the estimate
2m
Mz (7)
is proved.
Comparison of estimates (2), (6) and (7) shows that our estimate is the best one.
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3. SOBOLEV INEQUALITY

We give the proof of Conjecture 2.1.

Introduce the following denotation. For the given p from the interval (0, pp), where py = oo
forn =1, 2; po =4/(n — 2) for n > 3 we define o = pn/[2(p + 2)]. For the given a € (0,1), we
define x = /a® (1 —a)'™®. Let B = B (n/2, n(1 — ) /2a) be the Euler beta function, I (n,/2)
be the Euler gamma-function. We put

B/2 a/n
F(a) = BT ®)
X
where o, = 27"/%T" (n/2).
For the given py € (1, 2), we define
n/2
I 1/po
kp (PO) = [W] > (9)
Do/ e
1 1
where m + o= 1.
We introduce two denotations:
p+2 2n
ko (a) ]{7(04) kB <p+1> k(a)kB <n+2a> ( O)
Fo () =k /" (@)1 7 . |9 = mesQ. (11)

Conjecture 3.1. Let Q be a bounded or unbounded domain with a finite measure ||, p be a
0

number determined above, u(x) be any function from the class W4 (). Then, the following
Sobolev inequality is valid:
I

pr2 < ko (9, @) ||Vl (12)
where ko was determined by formula (11), ko (a), kg, k («) by formulas (10), (9), (8) respec-
tively.

Proof. Conjecture 3.1 is proved based on the results obtained [6] (see also [7]). O

The following lemma is valid:

Lemma 3.1. Let p and « be the numbers determined above, ko (c) be determined by formula
(10) kp from (9), k (a) from (8). Then, let u (x) be any function from the class W (R™). Then
the imbedding W3 (R™) C L,y2 (R"™) and interpolation Sobolev inequality

el < Foo V70| ] (13)

p+2

is valid, here ||.|| .5 is @ norm in Lyio (R") ||| is @ norm in Ly (R").

0
Apply inequality (13) to the function u (x) € W (©2) and estimate the norm [ju|| by |ju||
applying the Holder inequality:

p+2

2
P2

Q/ ju (2) da < Q/ uprtar| | [

Q
or

P __
[l < ffull o €270 (14)
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1—a

1 1 1o
From (f\u (z)|FT? dx) a <k (f\Vu ]2da:> i <f]u(a:)]2da:> i , by virtue of (14) we
Q

get (12):

Q=

1—a —
[ull pz < [ko ()] 1Q1 [ Vull = ke (2, ) [Vul|.

4. LIMIT PASSAGE

In (12), we pass to the limit as p — 0 + (a — 0+), where ko = k (o) kp (
1

kp <n+2a> * in the following form:

- +2a) . Represent

() w<1+2,sw<1+%> e

n n

Passing to the limit in (15) as a — 0+, we get:

1
2n a 1
li k =—. 1
Pt [ b <n—|—2a)] e (16)
n(l—o) F(%)F< (12 )> 1
Using the relation B (%, 5 ) = () , we represent [k ()] in the following form:
2

n(l—a)\ 17
k(o)) = vavi—ay/( ( ) ja (17)

1

Calculate lim [k (« )]é obviously, hm V1I—ay/(1—a) « = /e

a—0+
Calculate

1
Jim @ N (18)

a—0+ I (%) \/a

To this end, we use the following relation for the gamma-function I' (0) [8]:

1 1
lnF(H):91119—9—§ln9+§ln27r+Ro(9), (19)
1 o m o 1 r(E) |
where Ry (o) = 3 mZ::1 CESEE) J; (Eiaat For h (o) = Tz | Ve e have
1 1 —a) 1 n 1

By formula (19) for In |T [ ( )} and In [I (5%)] the following relations are valid:

i [ (245)] = 2 () -

— Aot — %ln ot + %277 + R (),

(21)
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where
_1 m___ N (omt
i (Oé) T2 mzl (m+1)(m+2) 2—:1 (n4na+2a;)m "
- ” (22)
InT () =2ngt -2 —1lnt+1lln2r+ Ry (a),
a m+1
where Ry (o) = 3 }j Rl §j 32q7m+1
Taking into account relations (21) (22) in (20), form In A () we have:
1 2 1-aln(l-a) 1 11 1
1 - —In> S lm(l—a)f st - .
nh(a) S+ " 5 n ( a)+2+nR1(oz) nRg(a)
Hence as a — 0+ we get lim Inh(a)=1ln2 or
a—0+ n
lim i (a) =/ (23)
ai{g—i— v = n’
From (17), (18), (23) it follows that
1/a 2me
lim [ko ()] =/ =— (24)

a—0+ n
Finally, from (16), (24) we have:

lim [ (c)]V/* = y/ ——

a—0+ nmwe

So, in inequality (12), passing to the limit as a — 0+, we get formula (4).

5. PROOF OF THEOREM 2.2

We multiply the equation Au+Au = 0 by u (z) and integrate the obtained relation with respect
to  with regard to the boundary condition u/dQ = 0 and as a result we get — || Vu|[*+ X |jul* =
0. Hence, by virtue of the inequality

2 1
lull <4/ == |0l [Vl
T ) uf? <o. (25)
2|Qn

From (25), provided A\ < 2;?21\62 it follows that ||u|| = 0, i.e. u(x) = 0 Q.E.D. Theorem 2.2 is

, we get the following inequality :

proved.

6. CONCLUSIONS

In this paper, an attempt is made to estimate from below the first eigenvalue of the Laplace
operator that arises in applied mathematics, and the resulting estimate may be useful for applied

scientists.
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